Rules for integrands of the form u (a + b ArcSinh[c x])"

1. j(d+ex)'“ (a+bArcsinh[cx])" dx

1. J(d+ex)'" (a+bArcsinh[cx])"dx when nez*

(a+bArcsinh[cx])"
1: j dx

d+ex

Derivation: Integration by substitution

Basis: ﬁ == Subst [ —S2RXL— x ArcSinh[c x]] ocArcSinh[cx]

cd+e Sinh[x]

Note; w:bxcoshia js not integrable unless nez-.

cd+e Sinh[x]

Rule: If n € Z*, then

(a+bArcsinh[cx])" (a +bx)" Cosh[x] .
j dx — Subst[j dx, X, ArcSinh|c x]]

d+ex cd+eSinh[x]

Program code:

Int[(a_.+b_.*ArcSinh[c_.+x_])"n_./(d_.+e_.*x_),x_Symbol] :=
Subst[Int[ (a+bxx)*nxCosh[x]/(cxd+exSinh[x]),x],x,ArcSinh[c*x]] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[n,0]

2: J(d+ex)’" (a+bArcsinh[cx])"dx whennez* A m#-1

Reference: G&R 2.831, CRC 453, A&S 4.4.65
Derivation: Integration by parts

Basis: If m # ~1,then (d + e x)" = 6, {d:ex)™

Rule:lf nez* A m+# -1, then



Rules for integrands of the form u (a+b arcsinh(c x))~n

(d+ex)™*! (a+bArcSinh[cx])" bcn J~(d+ex)'“+1 (a+bArcsinh[c x])"'1
dx

J(d+ex)m(a+bArcSinh[cx])"d1x—» -
Vi+c?2x?

e (m+1) e (m+1)

Program code:

Int[(d_.+e_.#x_)"m_.*(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=

(d+exx) A (m+1) « (a+bxArcSinh[cxx])~n/ (ex (m+1)) -

bxcxn/ (ex (m+1)) »Int [ (d+exx) ~ (m+1) x (a+bxArcSinh[cxx]) (n-1) /Sqrt[1+c 2xx2],x] /;
FreeQ[{a,b,c,d,e,m},x] && IGtQ[n,0] && NeQ[m,-1]

2. J(d +ex)" (a+bArcSinh[cx])"dx whenme z*

1: J(d+ex)"‘ (a+bArcsinh[cx])"dx whenmez* A n<-1

Derivation: Algebraic expansion

Rule:lf me z* A n < -1, then

J(d +ex)" (a+bArcSinh[cx])"dx — J.ExpandIntegr'and[ (d+ex)" (a+bArcSinh[cx])", x] dx

Program code:

Int[(d_+e_.*x_)"m_.(a_.+b_.+ArcSinh[c_.#x_])~n_,x_Symbol] :=
Int [ExpandIntegrand[ (d+exx)"mx (a+bxArcSinh[cxx])"n,x],x] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[m,0] && LtQ[n,-1]



Rules for integrands of the form u (a+b arcsinh(c x))~n

2: J(d +ex)" (a+bArcSinh[cx])"dx whenmez*

Derivation: Integration by substitution

Basis: F[x] == %Subst[Cosh[x] F[Si—":m], X, ArcSinh[c x]] dcArcSinh[c x]

Basis: If m € z, then (d+ex)" == -1~ subst[Cosh[x] (cd+eSinh[x])", x, ArcSinh[cx]] 8xArcSinh[c x]

cm+l

Note: If mez*,then (a+bx)"coshix] (cd+esinhx])" isintegrable in closed-form.

Rule: If m e z*, then

1
J(d +ex)" (a+bArcSinh[cx])"dx — — Subst [j(a +bx)" Cosh[x] (cd+eSinh[x])"dx, x, ArcSinh[c x]]
c +

Program code:

Int[(d_.+e_.#x_)"m_.*(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=
1/c~ (m+1) »Subst [Int [ (a+bx)“nxCosh[x] » (cxd+exSinh[x])~m,x],x,ArcSinh[c*x]] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[m,0]



Rules for integrands of the form u (a+b arcsinh(c x))~n

2. JPX (a+bArcSinh[cx])" dx

1: JPX (a+bArcsinh[cx]) dx

Derivation: Integration by parts

Rule: Let u- [p, ax, then

u
JPX (a+bArcsinh[cx]) dx — u (a+bArcSinh[cx]) -bc J— dx

V1+c?x?

Program code:

Int[Px_x(a_.+b_.*ArcSinh[c_.#x_]),x_Symbol] :=

With[{u=IntHide |ExpandExpression[Px,x],x]},

Dist[a+bsArcSinh[c#x],u,x| - bxcxInt[SimplifyIntegrand[u/Sqrt[1+c”2+x"2],x]1,x]|] /;
FreeQ[{a,b,c},x] & & PolynomialQ[Px,Xx]



Rules for integrands of the form u (a+b arcsinh(c x))~n

x: JPX (a+bArcsinh[cx])"dx when nez*

Derivation: Integration by parts

Rule:If n € Z*, let u- fp,ax, then

. . u (a+bArcsinh[cx])"™"
fo (a+bArcsinh[cx])"dx — u (a+bArcSinh[cx]) —ban dx

V1+c?x?

Program code:
(» Int[Px_x(a_.+b_.#ArcSinh[c_.*x_])"n_.,x_Symbol] :=
With[{u=IntHide[Px,x]},

Dist[ (a+bxArcSinh[c*x])~n,u,x] - bscsnsInt[SimplifyIntegrand ux (a+bxArcSinh[cxx])~(n-1)/Sqrt[1+c 2xx*2],x],x]] /;
FreeQ[{a,b,c},x] & PolynomialQ[Px,x] && IGtQ[n,0] x)

2: JPX (a+bArcsinh[cx])"dx whenn#1

Derivation: Algebraic expansion

Rule: If n # 1, then

ij (a+bArcsinh[cx])"dx — J.ExpandIntegr'and [Px (a+bArcsinh[cx])", x] dx

Program code:

Int[Px_x(a_.+b_.*ArcSinh[c_.*x_])~n_,x_Symbol] :=
Int [ExpandIntegrand [Px (a+bxArcSinh[cxx])*n,x],x] /;
FreeQ[{a,b,c,n},x] &% PolynomialQ[Px,x]



Rules for integrands of the form u (a+b arcsinh(c x))~n

3. JPX (d+ex)" (a+bArcsinh[cx])"dx when nez*

1: JPX (d+ex)" (a+bArcSinh[cx]) dx

Derivation: Integration by parts

Rule: Let u- [p, (d+ex)"ax, then

u
JPX (d+ex)™ (a+bArcSinh[cx]) dx — u (a+bArcSinh[cx]) —ch—dlx

V1+c?x?

Program code:

Int[Px_x(d_.+e_.#x_)"m_.x(a_.+b_.*ArcSinh[c_.*x_]),x_Symbol] :=

With[{u=IntHide [Pxx (d+exx)~m,x]},

Dist[a+bsArcSinh[c#x],u,x| - bxcxInt[SimplifyIntegrand[u/Sqrt[1+c”2+x"2],x]1,x]|] /;
FreeQ[{a,b,c,d,e,m},x] &% PolynomialQ[Px,Xx]



Rules for integrands of the form u (a+b arcsinh(c x))~n

2: J(-F+gx)p (d+ex)" (a+bArcsinh[cx])"dx when (n|p) €ez*AmezZ Am+p+1<@
Derivation: Integration by parts
Note:lf pe Z* AmeZ A m+p+1<0,then [(f+gx)® (@d+exmaxis arational function.

Rule:If (n|p) ez*AmeZ Am+p+1<0,letus[(frgx)’ d+ex)"ax then

u (a+bArcsinh[c x])"':L
J(f+gx)p (d+ex)" (a+bArcSinh[cx])"dx — u (a+bArcSinh[cx])"—ban dx

V1+c?x?

Program code:

Int[(f_.+g_.#x_) p_.*(d_+e_.#x_) m_x(a_.+b_.*ArcSinh[c_.+x_])~n_,x_Symbol] :=

With[{u=IntHide[ (f+gxx)"px (d+exx)~m,x]},

Dist[ (a+bxArcSinh[cx])”n,u,x] - bxcsnsInt[SimplifyIntegrand ux (a+bxArcSinh[cx])”(n-1)/Sqrt[1+c 2xx*2],x],x]] /;
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[n,0] & IGtQ[p,0] & ILtQ[m,0] && LtQ[m+p+1,0]



Rules for integrands of the form u (a+b arcsinh(c x))~n

(F+gx+hx?)? (a+bArcsinh[cx])"
3:J‘ dx when (n|p) €eZ*Aeg-2dh=-0

(d+ex)?

Derivation: Integration by parts

Note:If pez* A eg-2dh = 0,then Ji%)— ax is a rational function.

(d+e x

Rule:If (n|p) ez*ANeg-2dh=29,let uajiL)m;:de,then

. u (a+bArcSinh[c x])"‘:l
dx — u (a+bArcSinh[cx]) —ban dx

Vi1+c2x?

J-(-F+gx+hx2)p (a+bArcsinh[cx])"

(d+ex)?

Program code:

Int[(f_.+g_.#x_+h_.*x_"2)"p_.(a_.+b_.*ArcSinh[c_.*x_])"n_/(d_+e_.*x_)"2,x_Symbol] :=

With[{u=IntHide[ (f+g*x+hxx"2)p/(d+exx)*2,x]},

Dist [ (a+bArcSinh[c+x])”n,u,x] - b*c*n*Int[SimplifyIntegrand[u*(a+b*ArcSinh[c*x])"(n—l)/Sqr‘t[1+c"2*x"2],x],x]] /3
FreeQ[{a,b,c,d,e,f,g,h},x] & IGtQ[n,0] && IGtQ[p,0] && EqQ[exg-2xdxh,0]



Rules for integrands of the form u (a+b arcsinh(c x))~n

4: JPX (d+ex)" (a+bArcSinh[cx])"dx whennez* A mez

Derivation: Algebraic expansion

Rule:1f ne zZ* A me z,then

JPX (d+ex)" (a+bArcsinh[cx])"dx — jExpandIntegr‘and [Px (d+ex)™ (a+bArcSinh[cx])", x] dx

Program code:

Int[Px_+ (d_+e_.#x_)"m_.*(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=
Int[ExpandIntegrand [Pxx (d+exX) “mx (a+b*ArcSinh[cxx])~n,x],x] /;
FreeQ[{a,b,c,d,e},x] & & PolynomialQ[Px,x] && IGtQ[n,0@] && IntegerQ[m]



Rules for integrands of the form u (a+b arcsinh(c x))~n 10

4. f(f+gx)"' (d+ex*)? (a+bArcsinh[cx])"dx when e=c’d A mez A p—%ez
1. J(-F+gx)'" (d+ex?)? (a+bArcSinh[cx])"dx when e==c?d A mezZ A p—%ez Ad>0

1: J(-F+gx)'" (d+ex?)? (a+bArcSinh[cx]) dx whene=c’d Amez A p+§62‘/\ d>0 Am>0

Derivation: Integration by parts

Note:lf mez A p+ % €Z NB@<m<-2p-1,then [(f+gx)" (d + e x?)” dxis an algebraic function.

Rule:lf e==c?d Amez Ap+iez Ad>0Am>0,letus [(f+rgx)" (d+ex?)”dx,then

J(-F+gx)'" (d+ex?)” (a+bArcSinh[cx]) dx — u (a+bArcSinh[cx]) —bcj;d]x

V1+c?x?

Program code:

Int[(f_+g_.*Xx_)™m_.(d_+e_.xx_"2)"p_x(a_.+b_.*ArcSinh[c_.*x_]),x_Symbol] :=
With[{u=IntHide[ (f+gxx) mx (d+exx"2)"p,x]},
Dist [a+bxArcSinh[c#x],u,x| - bxcxInt[Dist[1/Sqrt[1+c 2xx*2],u,x],x]] /;
FreeQ[{a,b,c,d,e,f,g},x] & EqQ[e,c 2xd] && IGtQ[m,0] && ILtQ[p+1/2,0] & GtQ[d,0] && (LtQ[m,-2xp-1] || GtQ[m,3])



Rules for integrands of the form u (a+b arcsinh(c x))~n

2: J(f+gx)m (d+ex?)? (a+bArcsinh[cx])"dx whene==c’d AmezZ A p+ %ez Ad>0 Anez*Am>0

Derivation: Algebraic expansion

Rule:if e==c?’d AmeZ Ap+3€ZAd>8ANneZ Am>0,then

J(f+gx)m (d+ex?)? (a+bArcsinh[cx])"dx — J(d+ex2)p (a+bArcsinh[cx])" ExpandIntegrand [ (f+gx)", x] dx

Program code:

Int[(f_+g_.*x_)™m_.x(d_+e_.xx_"2)"p_x(a_.+b_.*ArcSinh[c_.*x_])~n_.,x_Symbol] :=
Int [ExpandIntegrand[ (d+exx"2) ~px (a+b*ArcSinh[cxx])"n, (f+g*x)~m,x],x] /;

FreeQ[{a,b,c,d,e,f,g},x] & EqQ[e,c 2xd] 8&& IGtQ[m,0] && IntegerQ[p+1/2] 8&& GtQ[d,0] && IGtQ[n,0] &&
(EqQ[n,1] &% GtQ[p,-1] || GtQ[p,0] || EqQ[m,1] || EqQ[m,2] && LtQ[p,-2])

11



Rules for integrands of the form u (a+b arcsinh(c x))~n

3. J-(f+gx)'" (d+ex?)? (a+bArcsinh[cx])"dx whene==c’d AmezZ A p+ %ez"A d>o

1: J.(-F+gx)'"\[d+ex2 (a+bArcsinh[cx])"dx whene==c*d AmezZ Ad>8 Anez* Am<0

Derivation: Integration by parts

. . . +1
Basis: If e — C2 d A d> 0.then (a+b ArcSinh[c x])" - (a+b ArcSinh[c x])"
’ Vd+e x2 X bc/d (n+1)

Rule:if e==c2d AmeZ Ad>0 AnezZ" A m<0,then

j(f+gx)’"\[d+ex2 (a+bArcsinh[cx])"dx —

n+l

(F+gx)" (d+ex?) (a+bArcSinh[cx]) 1

bcVd (n+1) bcVd (n+1)

j(dgm+2efx+eg (m+2) xz) (1:+gx)'"'1 (a+bArcsinh[cx])

Program code:

Int[(f_.+g_.#x_) m_»Sqrt[d_+e_.+x_"2](a_.+b_.xArcSinh[c_.*x_])*n_.,x_Symbol]| :=

(Frg*x) Amx (d+exx"2) » (a+bxArcSinh[cxx] )~ (n+1) / (bxcxSqrt[d] (n+1)) -

1/ (bxc*Sqrt[d]# (n+1) ) +Int[ (dxgsm+2xexfrx+exgx (M+2) #x"2) » (F+gxx) " (m-1) » (a+bxArcSinh[cxx] )~ (n+1),x]| /;
FreeQ[{a,b,c,d,e,f,g},x] & EqQ[e,c 2xd] && ILtQ[m,0] && GtQ[d,0] & IGtQ[n,O]

n+1

dx

12



Rules for integrands of the form u (a+b arcsinh(c x))~n

2: j(f+gx)m (d+ex*)? (a+bArcsinh[cx])"dx when e==c?’d A mez A p+§eZ+A d>0 A nez*

Derivation: Algebraic expansion

Rule:If e==c?d AmeZ Ap+ €z Ad>8 Anez’,then

J(f +gx)" (d+ex?)? (a+bArcSinh[cx])"dx — J\/ d+ex’ (a+bArcSinh[cx])" ExpandIntegrand[(f+gx)" (d+e xz)p'l/z, x| dx

Program code:

Int[(f_+g_-*x_) m_.x(d_+e_.*x_"2)"p_x(a_.+b_.*ArcSinh[c_.*x_])*n_.,x_Symbol]| :=
Int[ExpandIntegrand [Sqrt[d+exx"2] (a+bxArcSinh[cxx])"n, (f+g+X) mx (d+exx"2)"(p-1/2),x],x] /;
FreeQ[{a,b,c,d,e,f,g},x] & EqQ[e,c 2xd] && IntegerQ[m] && IGtQ[p+1/2,0] && GtQ[d,0] && IGtQ[n,O]
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Rules for integrands of the form u (a+b arcsinh(c x))~n

3: j(f+gx)m (d+ex*)? (a+bArcsinh[cx])"dx when e==c?’d A mez A p—%ez"A d>@ Anez*Am<0

Derivation: Integration by parts

H 5 s +1
Basis: If e == ) d A d> 0. then (a+b ArcSinh[c x])" s (a+b ArcSinh[c x])"
’ v d+e x? X bc+/d (n+1)

Rule:If e ==c?’d AmezZ Ap-2€Z°Ad>8 AneZ Am<o,then
J(f+gx)m (d+ex?)? (a+bArcsinh[cx])"dx —

(F+gx)" (d+ exz)p"; (a+bArcsinh[c x])n+1
bcVd (n+1)

J‘(-F+gx)'"'1 (a+bArcsinh[c x])n+1 ExpandIntegrand[(dgm+e-F (2p+1) x+eg (m+2p+1) x?) (d+ex2)P':, x] dx

1

bc\/?(n+1)

Program code:

Int[(F_+g_.*x_)™m_.x(d_+e_.*x_"2)"p_x(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol]| :=
(Frg*x) Amx (d+exx"2) ~ (p+1/2) » (a+bxArcSinh[cxx] )~ (n+1) /(bxcxSqrt[d]« (n+1)) -
1/ (bxc*Sqrt[d] * (n+1))
Int[ExpandIntegrand [ (f+g#x)~ (m-1) x (a+b*ArcSinh[cxx] )" (n+1), (dxgsm+esfx (2xp+1) xX+exgs (M+2xp+1) xx 2) » (d+exx2) ~ (p-1/2) ,x] ,X] /3
FreeQ[{a,b,c,d,e,f,g},x] & EqQ[e,c 2xd] 8&& ILtQ[m,0] && IGtQ[p-1/2,0] && GtQ[d,0] && IGtQ[n,0]
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Rules for integrands of the form u (a+b arcsinh(c x))~n

4. J(f+gx)m (d+ex*)? (a+bArcsinh[cx])"dx whene==c’d Amez A p- %GZ'A d>o

dx whene==c2d Amez A d>9

. J-(-F+gx)'" (a+bArcsinh[cx])"
Vd+ex?
. j(f+gx)'" (a+bArcsinh[cx])"

Vd+ex?

dx whene=c2d AmeZ Ad>0 Am>0 A n<-1

Derivation: Integration by parts

s s +1
Basis: If e -- c2 d A d> 0. then (a+b ArcSinh[cx])" -9 (a+b ArcSinh[cx])"
’ Vdre x2 X bc/d (n+1)
Rule:lf e==c2d Amez Ad>0 Am>0 A n< -1,then
f " b ArcSinh n f " b ArcSinh N+l
J-( +gx)" (a+bArcsinh[cx]) i (F+gx)" (a+bArcsinh[cx]) ) gm J(f+gx)m'l (a+ bArcsinh[c x])™ ax
Vd+ex? bcvd (n+1) bcvVd (n+1)

Program code:

Int[(f_+g_.#x_)"m_.(a_.+b_.*ArcSinh[c_.*x_])"n_/Sqrt[d_+e_.#x_"2],x_Symbol] :=
(F+g*x) *mx (a+bxArcSinh[cxx] )~ (n+1) /(bxc*Sqrt[d]«(n+1)) -
g*m/ (bxcxSqrt[d] » (n+1) ) »Int[ (f+gxx)~ (m-1) » (a+bxArcSinh[c#x])~ (n+1),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & EqQ[e,c"2xd] && IGtQ[m,0] && GtQ[d,0] && LtQ[n,-1]

(F+gx)" (a+bArcsinh[cx])"
2: j dx whene=c2d AmeZ Ad>0 A (Mm>0 V neZ*)

d+ex

Derivation: Integration by substitution

Basis: If e == c2d A d > 0, then Vdi] == % Subst | F|330XL | x, ArcSinh[c x] | 6xArcSinh[c x]
+eX C

Basis: If d; >0 A d, < 0,then



Rules for integrands of the form u (a+b arcsinh(c x))~n

== == 1 Subst |F| CoshxL | " x  ArcCosh[c x] | 8,ArcCosh|[c x
\/d1+Cd1X \/dz—CdZX c /_d1d2 [ { C }’ ) [ ]} X [ ]

Note: Mathematica 8 is unable to validate antiderivatives of ArcCosh rule when c is symbolic.

Rule:lf e==c2d AmezZ Ad>0 A (Mm>0 V nez),then

(F+gx)" (a+bArcsinh[cx])"
dx —

J Vd+ex? c14/d

Subst [J(a +bx)" (cf+gsinh[x])"dx, x, ArcSinh[c x]]

Program code:

Int[(f_+g_.*x_)"m_.+(a_.+b_.+ArcSinh[c_.*x_])~n_./Sqrt[d_+e_.#x_"2],x_Symbol] :=
1/ (c”(m+1) »Sqrt[d]) xSubst [Int[ (a+bxx) “n« (cxf+gxSinh[x])"m,x],x,ArcSinh[cxx]] /;
FreeQ[{a,b,c,d,e,f,g,n},x| & EqQ[e,c"2xd] && IntegerQ[m] & GtQ[d,0] && (GtQ[m,0] || IGtQ[n,e@])

2: J(-F+gx)'" (d+ex?)” (a+bArcsinh[cx])"dx when e=c’d A mezZ A p+%eZ‘A d>0 A nez*

Derivation: Algebraic expansion

) Rule:lfe::czd/\meZ/\p+%eZ*/\d>0/\neZ*,then

a+bArcsinh[cx])"

j(f+gx)m (d+ex?)? (a+bArcSinh[cx])"dx — J(
Vd+ex?

ExpandIntegrand[ (f+gx)" (d+e xz)’“l/z, x] dx

Program code:

Int[(f_+g_-*x_)™m_.x(d_+e_.*x_"2)"p_x(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol]| :=
Int [ExpandIntegrand[ (a+bxArcSinh[cxx])~n/Sqrt[d+esx"2], (f+g+x) mx (d+exx"2) " (p+1/2),x],x] /;
FreeQ[{a,b,c,d,e,f,g},x] & EqQ[e,c 2xd] && IntegerQ[m] && ILtQ[p+1/2,0] && GtQ[d,0] && IGtQ[n,O]



Rules for integrands of the form u (a+b arcsinh(c x))~n

2: J(-F+gx)'" (d+ex?)? (a+bArcsinh[cx])"dx whene==c’d Amez A p—%ez Ad3o

Derivation: Piecewise constant extraction

+ 2)P
Basis: If e == c? d, then 6y ldrext)” g
(1+c2 x2>p

Rule:if e ==c>d Amez Ap-3ez Ad30,then

(d+ex2)p

J(f+gx)"‘ (d+ex*)? (a+bArcsinh[cx])"dx —
(1+sz2)p

J(f+gx)"‘ (1+c?x*)® (a+bArcsinh[cx])" dx

Program code:
Int[(f_+g_.*x_)™m_.x(d_+e_.»x_"2)"p_x(a_.+b_.*ArcSinh[c_.*x_])~n_.,x_Symbol] :=

Simp[ (d+exx"2) Ap/ (1+c"2xx"2) "p] »Int [ (F+g#X) mx (1+c 2xx"2) *px (a+bxArcSinh[cxx])”n,x]| /;
FreeQ[{a,b,c,d,e,f,g,n},x] && EqQ[e,c 2+d] && IntegerQ[m] && IntegerQ[p-1/2] && Not[GtQ[d,0]]

5. jLog[h (F+rgx)"] (d+ex?)® (a+bArcsinh[cx])"dx when e=c*d A p- %ez

1. jLog[h (F+gx)"] (d+ex?)? (a+bArcsinh[cx])"dx when e=c’d A p—iez Ad>0

dx whene==c>d Ad>0 A nez*

. jLog[h (F+gx)"] (a+bArcsinh[cx])"

Vd+ex?

Derivation: Integration by parts

BaS|S: |f e -- C2 d A d > @, then (atb Arcsinhlcx1)" __ 3y (a+b ArcSinh[c x])™?
[ dre x? bcvd (n+1)

Note: If nez:, then tmaretmicny” s integrable in closed-form.

Rule:if e==c?2d A d >0 A nez*,then



Rules for integrands of the form u (a+b arcsinh(c x))~n

J~Log[h (F+gx)"] (a+bArcsinh[cx])" Log[h (f+gx)"] (a+bArcSinh[c x])"+1 gm (a+bArcsinh[cx])
dx — - J
Vd+ex? bcvVd (n+1) bcvd (n+1) f+gx

Program code:

Int[Log[h_.+ (f_.+g_.*x_)"m_.]«(a_.+b_.*ArcSinh[c_.*x_])"n_./Sqrt[d_+e_.*x_"2],x_Symbol] :=
Log [h# (f+gxx)~m] « (a+bxArcSinh[cxx] )~ (n+1) / (bxc*Sqrt[d]» (n+1)) -
gxm/ (bxcxSqrt[d]« (n+1)) +»Int [ (a+bxArcSinh[cxx] )~ (n+1) /(f+g*x),x] /;
FreeQ[{a,b,c,d,e,f,g,h,m},x] && EqQ[e,c2xd] && GtQ[d,0] && IGtQ[n,0]

2: jLog[h (F+gx)"] (d+ex?)? (a+bArcSinh[cx])"dx when e=c?d A p- %ez Ad3o

Derivation: Piecewise constant extraction

+ 2)\P
Basis: If e == c? d, then 6y Ldrext)” g
(1+c2x2)?
Rule:If e ==c?>d A p- 2 €Z A d#0,then
(d+ex?)?
JLog[h (F+rgx)"] (d+ex?)? (a+bArcsinh[cx])"dx —» —————
(1+c2x2)p

Program code:

Int[Log[h_.# (f_.+g_.*x_)"m_.]*(d_+e_.*x_"2)"p_x(a_.+b_.*ArcSinh[c_.#x_])"n_.,x_Symbol] :=
Simp[ (d+exx"2) "p/ (1+c 2xx"2) *p] +Int [Log [hx (f+gxx)~m]« (1+c"24x"2) Apx (a+bxArcSinh[cxx])"n,x]| /;
FreeQ[{a,b,c,d,e,f,g,h,m,n},x] & EqQ[e,c 2xd] & IntegerQ[p-1/2] && Not[GtQ[d,0]]

JLog[h (F+rgx)"] (1+c*x?)? (a+bArcsinh[cx])"d

dx



Rules for integrands of the form u (a+b arcsinh(c x))~n

6. J(d+ex)'“ (F+gx)" (a+bArcsinh[cx])" dx

1: J(d+ex)"‘ (f+gx)" (a+bArcsinh[cx]) dx when m+%eZ‘

Derivation: Integration by parts

Rule: If m+§eZ‘, l@tu—»f(d+ex)’“ (fF+gx)"dx, then

u
J(d+ex)’" (f+gx)" (a+bArcsinh[cx]) dx — u (a+bArcSinh[cx]) —bcj—dlx

V1+c?x?

Program code:

Int[(d_+e_.xx_)"m_x (f_+g_.#x_) m_x(a_.+b_.xArcSinh[c_.xx_]),x_Symbol] :=
With[{u=IntHide[ (d+exx) "mx (f+g+x) m,x]},
Dist[a+bsArcSinh[c#x],u,x]| - bxcxInt[Dist[1/Sqrt[1+c 2xx"2],u,x],x]] /;
FreeQ[{a,b,c,d,e,f,g},x] & ILtQ[m+1/2,0]

2: J(d+ex)'“ (F+gx)" (a+bArcsinh[cx])"dx whenmez

Derivation: Algebraic expansion

Rule: If m € z, then

J(d +ex)" (F+gx)" (a+bArcSinh[cx])"dx — J(a +bArcsinh[cx])" ExpandIntegrand[ (d+ex)" (f+gx)", x] dx

Program code:

Int[(d_+e_.*x_)™m_. (f_+g_.*x_)"™m_.(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxArcSinh[c#x])~n, (d+exx)*mx (f+g*x)~m,x]|,x] /;
FreeQ[{a,b,c,d,e,f,g,n},x] & IntegerQ[m]

19



Rules for integrands of the form u (a+b arcsinh(c x))~n

7: Ju (a + b ArcSinh[c x] ) dx when Ju dx is free of inverse functions

Derivation: Integration by parts
Rule: Let v - Ju dx, if v is free of inverse functions, then

Ju (a+bArcsinh[cx]) dx — v (a+bArcSinh[cx]) —ch

Program code:

Int[u_x(a_.+b_.+ArcSinh[c_.+x_]),x_Symbol] :=
With[{v=IntHide[u,x]},
Dist [a+bsArcSinh[c#x],v,x| - bxcxInt[SimplifyIntegrand[v/Sqrt[1+c"2+x"2],x]1,x]| /;
InverseFunctionFreeQ[v,x] ] /5
FreeQ[{a,b,c},x]

\"

V1+c2x?

dx

20



Rules for integrands of the form u (a+b arcsinh(c x))~n

8. JPXF[d+ex2] (a+bArcsinh[cx])"dx when e =c?d A p—%ez

1: JPX (d+ex?)? (a+bArcsinh[cx])"dx when e==c?d A p—%ez

Derivation: Algebraic expansion

Rule:If e == c>d A p- 1 € z,then

J‘Px (d+e xz)p (a+bArcsinh[cx])"dx — J-ExpandIntegr'and[Px (d+ exz)p (a+bArcsinh[cx])", x] dx

Program code:

Int[Px_x (d_+e_.#x_"2)"p_x(a_.+b_.*ArcSinh[c_.*x_])"n_,x_Symbol] :=
With[{u=ExpandIntegrand [Pxx (d+exx"2)"px (a+bxArcSinh[c+x])~n,x]},
Int[u,x] /;

sumQ[ul] /;

FreeQ[{a,b,c,d,e,n},x] && PolynomialQ[Px,x] &% EqQ[e,c”2xd] &% IntegerQ[p-1/2]
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Rules for integrands of the form u (a+b arcsinh(c x))~n

2: JPX (F+g (d+ex?)?)" (a+bArcsinh[cx])"dx when e=c?d A p+%eZ+A (m|n)ez

Derivation: Algebraic expansion
Rule:If e == c?d A p+ 2 ez"A (m|n) eZzthen

jPX (Frg (d+ex?)?)" (a+bArcsinh[cx])"dx — JExpandIntegrand[Px (f+g (d+ex?)?)" (a+bArcsinh[cx])", x] dx

Program code:

Int[Px_. (f_+g_.»(d_+e_.xx_"2)"p_) m_.x(a_.+b_.*ArcSinh[c_.+x_])"n_.,x_Symbol]| :=
With[{u=ExpandIntegrand [Pxx (f+g (d+exx"2)~p)~m« (a+bxArcSinh[cxx])"n,x]},
Int[u,x] /;

sumQ[ul] /;

FreeQ[{a,b,c,d,e,f,g},x] & PolynomialQ[Px,x] &% EqQ[e,c"2xd] & IGtQ[p+1/2,0] & IntegersQ[m,n]
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Rules for integrands of the form u (a+b arcsinh(c x))~n 23

9. JRqu (a+bArcsinh[cx])"dx when nez*
1. |RF, (a+bArcSinh[cx])"dx when nez*

1: jRFX ArcSinh[c x]"dx when nez*

Derivation: Algebraic expansion

Rule: If n € z7, then

JRFX ArcSinh[cx]"dx — |ArcSinh[c x]" ExpandIntegrand [RF,, x] dx

Program code:

Int[RFx_xArcSinh[c_.*x_]”n_.,x_Symbol] :=
With[{u=ExpandIntegrand [ArcSinh[cxx]"n,RFx,x]},
Int[u,x] /;

sumQ[ul] /;
FreeQ[c,x] && RationalFunctionQ[RFx,x] && IGtQ[n,0]



Rules for integrands of the form u (a+b arcsinh(c x))~n 24

2: JRFX (a+bArcsinh[cx])"dx when nez*

Derivation: Algebraic expansion

Rule: If n € Z*, then

JRFX (a+bArcsinh[cx])"dx — jExpandIntegr‘and [RFx (a+bArcsinh[cx])", x] dx

Program code:

Int[RFx_x (a_+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=
Int[ExpandIntegrand [RFx* (a+bxArcSinh[cxx])~n,x],x] /;
FreeQ[{a,b,c},x] & RationalFunctionQ[RFx,x] && IGtQ[n,0]

2. jRFX (d+ex?)? (a+bArcSinh[cx])"dx whennez* A e=c?d A p- %ez

1: JRFX (d+ex®)? Arcsinh[cx]"dx when nez* A e=c’d A p—%ez

Derivation: Algebraic expansion

Rule:if nez* A e=c?d A p- 3 €Z,then

JRFX (d+ex*)?Arcsinh[cx]"dx — f(d +ex?)P Arcsinh[c x]" ExpandIntegrand [RF,, Xx] dx

Program code:

Int[RFx_x (d_+e_.*x_"2)"p_»ArcSinh[c_.*x_]"n_.,x_Symbol] :=
With[{u=ExpandIntegrand| (d+e«x"2)*pxArcSinh[cx]"n,RFx,x]},
Int[u,x] /;
sumQ[ul] /;
FreeQ[{c,d,e},x] & RationalFunctionQ[RFx,x] && IGtQ[n,0] && EqQ[e,c”2xd] && IntegerQ[p-1/2]



Rules for integrands of the form u (a+b arcsinh(c x))~n

2: JRFX (d+ex?)? (a+bArcSinh[cx])"dx whennez* A e=c?d A p—%GZ

Derivation: Algebraic expansion
Rule:if nez* A e=c*d A p- 3 €z,then

JRFX (d+ex?)? (a+bArcsinh[cx])"dx — J(d + e x?)? ExpandIntegrand [RF, (a + bArcSinh[cx])", x] dx

Program code:
Int[RFx_x (d_+e_.*x_"2)"p_x(a_+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=

Int[ExpandIntegrand [ (d+exx"2)"p,RFxx (a+bxArcSinh[cx])*n,x],x] /;
FreeQ[{a,b,c,d,e},x] & & RationalFunctionQ[RFx,x] && IGtQ[n,0] && EqQ[e,c”2xd] && IntegerQ[p-1/2]

u: Ju (a+bArcsinh[cx])"dx

Rule:

Ju (a+bArcsinh[cx])"dx — ju (a+bArcsinh[cx])" dx

Program code:

Int[u_.+(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=
Unintegrable [ux (a+bxArcSinh[cx])*n,x] /;
FreeQ[{a,b,c,n},x]
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